Cost-Based Query Optimization
for Quantum Computation

Immanuel Trummer




Leverage For

—

Quantum Query
Computing Optimization




Leverage For

—

Quantum Query
Computing Optimization

~—

Leverage For




QUBO

Decomposition Embedding Solver Post-Proc. Solution
Problem




QUBO
Problem

Decomposition Embedding Solver Post-Proc. Solution

Choice of Method




QUBO
Problem

Choice of Metho

Decomposition

Decomposition Algorithms for Scalable Quantum Annealing

Elijah Pelofske Georg Hahn Hristo Djidjev

Los Alamos National Laboratory, Los  Lancaster University, Lancaster LA1  Los Alamos National Laboratory, Los

Alamos, NM 87545, USA

Alamos, NM 87545, USA

epelofske@lanl.gov ghahn@cantab.net djidjev@lanl.gov

CCS CONCEPTS

- Theory of computation — Quantum computation theory; Graph
algorithms analysis

ACM Reference Format:

Elijah Pelofske, Georg Hahn, and Hristo Djidjev. 2019, Decomposition Algo-
vithms for Scalable Quantum Annealing, In Proceedings of ACM Conference
(Conference’17). ACM, New York, NY, USA, 2 pages. https://doi org/10.1145

1 INTRODUCTION

Commercial adiabatic quantum annealers such as D-Wave 2000Q,
which s available at LANL, have the potential to solve important
NP-hard optimization problems efficiently. However, one of the
primary constraints of such devices is the limited number and
connectivity of their qubits, which limits the size of the problems
directly solvable on the machine to about 65 variables. This re-
search presents two exact decomposition methods (for the Max-
imum Clique and the Minimum Vertex Cover problem, two im-
portant and well known NP-hard problems) that allow solving
problems of arbitrarily large sizes by splitting them up recursively
into a series of suitably small subproblems. Those subproblems are
then solved exactly or approximately using any method of choice,
which includes a quantum annealer. Whereas some previous ap-
proaches are based on heuristics that do not guarantee optimality
of their solutions, our decomposition algorithms have the proper
that the optimal solution of the input problem can be reconstructed
in polynomial time given all generated subproblems are solved
optimally. We present a study of various heuristic and exact bounds
as well as reduction methods that help increase the scalability of
our decomposition algorithms

2 MAXIMUM CLIQUE PROBLEM

Given a graph G, the maximum cligue (MC) problem asks to find
a subset S of the vertices of G of maximum size such that there
is an edge in G joining any two vertices of 5. To solve the MC
problem in case G is too large to fit in the annealer hardware, we
use the CH-partitioning introduced in [5], [4], in order to split G
into two smaller subgraphs Gy and G on which a MC should be
found. We send to D-Wave any of the subgraphs Gy and Gy that
is small enough to fit the annealer hardware and record the found
solution. In case any of Gy or Gy is still too large to be solved directly
on the annealer hardware, we apply the decomposition algorithm
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Figure 1: MC decomposition

recursively. Finally, we use the solutions for Gy and G to construct
a solution for G.

s shown in Figure 1, in order to compute suitable Gi and Gy, we
choose an arbitrary vertex of G and define G as the subgraph of G
induced by all neighbors of v (but without v itself), and define G; as
the graph resulting when v and all edges incident to v are removed
from G. Intuitively, G; contains all cliques of G that contain v,
and G, contains all cliques of G that do not contain v. Hence, a
‘maximum clique of G will be either in Gy or Gy

Since each of the subgraphs G; and G contains at least one
less vertex than G, the decomposition algorithm is guaranteed to
complete in finite time, but the number of subgraphs generated
might be exponential in the worst case. To reduce the number
of subgraphs, we use upper and lower bounds on the solution
contained in any generated subgraph (with the aim of discarding
them) as well as reduction techniques. For instance, if for a currently
considered subgraph Gi we compute an upper bound b; for G;.
‘meaning that the size of the MC for G; is not greater than bj, and
the largest clique found so far has size larger than b;, then G;
can be ignored. This technique, widely used in branch-and-bound
algorithms in combinatorial optimization, can lead to a dramatic
decrease in the number of subgraphs that are generated.

We use and compare the effectiveness of several upper bound
techniques: (i) We use a greedy search heuristic to find an upper
bound on the chromatic number of the graph, which is the mini-
‘mum number of colors needed to color each vertex of G such that
1o edge connects two vertices of the same color. Since each vertex
in a clique must have a distinct color, the chromatic number is an
upper bound on the clique number [7]. Although computing the
chromatic number is NP-hard, there are much better heuristics for
its approximation compared with the ones for the clique number.
‘Therefore, a greedy scarch heuristic for the chromatic number pro-
vides an easily computable bound. To compute a graph coloring we.
use the heuristic function greedy_color of the NetworkX package
[6), which is applied to the complement G of G. (ii) The Lovisz
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Abstract

NP-hard problems such as the maximum clique or minimum vertex cover problems, two of Karp’s 21 NP-hard problems,

have several appli in chemistry,

and computer network security. Adiabatic quantum

annealers can search for the optimum value of such NP-hard optimization problems, given the problem can be embedded

on their hardware. However, this

s often not possible duc to certain limitations of the hardware connectivity structure of

the annealer. This paper studies a general framework for a decomposition algorithm for NP-hard graph problems aiming
to identify an optimal set of vertices. Our generic algorithm allows us to recursively divide an instance until the generated
subproblems can be embedded on the quantum annealer hardware and subsequently solved. The framework is applied to the
maximum clique and minimum vertex cover problems, and we propose several pruning and reduction techniques to speed
up the recursive decomposition. The performance of both algorithms is assessed in a detailed simulation study.
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1 Introduction

Novel computing technologies allow one to search for
solutions of NP-hard (graph) problems that are very hard
10 solve classically [13]. One such device is the quantum
annealer of D-Wave Systems, Inc. [20], which can propose
approximate solutions of quadratic unconstrained binary
optimization (QUBO) and Ising problems given by the
minimum of a function of the form

Hxi, o) = ) aixi + ) agxix; )
i<
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In Eq. 1, the coefficients a; € R. i € (1,...,n}, are lincar
weights and a;; € R for i < j are quadratic weights.
The problem in Eq. 1 is called a QUBO problem if x; €
{0.1) and an Ising problem if x; € {~1.+1) for all i.
The function in Eq. 1 is often called a QUBO or Ising
function, respectively. The formulation in Eg. 1 is general
enough to allow all NP-hard problems to be formulated as
minimizations of such a function [7]. Both QUBO and Ising
formulations are equivalent [7, 17, 23, 32]. The D-Wave
quantum annealer aims to find a minimum of the function
in Eq. 1 by mapping it to a physical quantum system, from
which a solution is read off after hardware-implemented
annealing is completed. In such a mapping, linear weights
are mapped onto qubits and quadratic weights are mapped
onto links between qubits called couplers. Moreover, if a;
and a; are mapped onto qubits ¢; and ;. then a;; is mapped
onto the coupler connecting g; and q;.

However, directly computing a minimum of a given
function of the type given in Eg. 1 on a quantum annealer
is often not possible due to a variety of reasons: first,
there is a limitation on the input problem size that can
fit on the quantum hardware due to the finite number of
available qubits (up to roughly 2000 qubits for the newest
D-Wave 2000Q™ computer). Second, even if the number
of qubits exceeds the number of variables, the current (D-
Wave) technology provides only limited qubit connectivity
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connectivity of their qubits, which limits the size of the problems
directly solvable on the machine to about 65 variables. This re-
search presents two exact decomposition methods (for the Max-
imum Clique and the Minimum Vertex Cover problem, two im-
portant and well known NP-hard problems) that allow solving
problems of arbitrarily large sizes by splitting them up recursively
into a series of suitably small subproblems. Those subproblems are
then solved exactly or approximately using any method of choice,
which includes a quantum annealer. Whereas some previous ap-
proaches are based on heuristics that do not guarantee optimality
of their solutions, our decomposition algorithms have the proper
that the optimal solution of the input problem can be reconstructed
in polynomial time given all generated subproblems are solved
optimally. We present a study of various heuristic and exact bounds
as well as reduction methods that help increase the scalability of
our decomposition algorithms

2 MAXIMUM CLIQUE PROBLEM

Given a graph G, the maximum cligue (MC) problem asks to find
a subset S of the vertices of G of maximum size such that there
is an edge in G joining any two vertices of 5. To solve the MC
problem in case G is too large to fit in the annealer hardware, we
use the CH-partitioning introduced in [5], [4], in order to split G
into two smaller subgraphs Gy and G on which a MC should be
found. We send to D-Wave any of the subgraphs Gy and Gy that
is small enough to fit the annealer hardware and record the found
solution. In case any of Gy or Gy is still too large to be solved directly
on the annealer hardware, we apply the decomposition algorithm
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Figure 1: MC decomposition

recursively. Finally, we use the solutions for Gy and G to construct
a solution for G.

s shown in Figure 1, in order to compute suitable Gi and Gy, we
choose an arbitrary vertex of G and define G as the subgraph of G
induced by all neighbors of v (but without v itself), and define G; as
the graph resulting when v and all edges incident to v are removed
from G. Intuitively, G; contains all cliques of G that contain v,
and G, contains all cliques of G that do not contain v. Hence, a
‘maximun clique of G will be either in G or Ga.

Since each of the subgraphs G; and G contains at least one
less vertex than G, the decomposition algorithm is guaranteed to
complete in finite time, but the number of subgraphs generated
might be exponential in the worst case. To reduce the number
of subgraphs, we use upper and lower bounds on the solution
contained in any generated subgraph (with the aim of discarding
them) as well as reduction techniques. For instance, if for a currently
considered subgraph Gi we compute an upper bound b; for G;.
‘meaning that the size of the MC for G; is not greater than bj, and
the largest clique found so far has size larger than b;, then G;
can be ignored. This technique, widely used in branch-and-bound
algorithms in combinatorial optimization, can lead to a dramatic
decrease in the number of subgraphs that are generated.

We use and compare the effectiveness of several upper bound
techniques: (i) We use a greedy search heuristic to find an upper
bound on the chromatic number of the graph, which is the mini-
‘mum number of colors needed to color each vertex of G such that
1o edge connects two vertices of the same color. Since each vertex
in a clique must have a distinct color, the chromatic number is an
upper bound on the clique number [7]. Although computing the
chromatic number is NP-hard, there are much better heuristics for
its approximation compared with the ones for the clique number.
‘Therefore, a greedy scarch heuristic for the chromatic number pro-
vides an easily computable bound. To compute a graph coloring we.
use the heuristic function greedy_color of the NetworkX package
[6), which is applied to the complement G of G. (ii) The Lovisz
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Abstract. A major limitation of current generations of quantum annealers is the sparse connectivity of
manufactured qubits in the hardware graph. This technological limitation has generated considerable
interest, motivating efforts to design efficient and adroit minor-cmbedding procedures that bypass
sparsity constraints. In this paper, starting from a previous equational formulation by Dridi et al
(arXiv:1810.01440), we propose integer programming (IP) techniques for solving the minor-embedding
problem. The first approach involves a direct translation from the previous equational formulation to
IP, while the second decomposes the problem into an assignment master problem and fiber condition
checking subproblems. The proposed methods are able to defect instance infeasibility and provide bounds
on solution quality, capabilities not offered by currently employed heuristic methods. We demonstrate
the efficacy of our methods with an extensive computational assessment involving three different families
of random graphs of varying sizes and densities. The direct translation as a monolithic IP model can
be solved with existing commercial solvers yielding valid minor-embeddings, however, is outperformed
overall by the decomposition approach. Our results demonstrate the promise of our methods for the
studied benchmarks, highlighting the advantages of using IP technology for minor-embedding problems.

Keywords: Graph minors - Quantum annealers - Integer programming - Decomposition - Algebraic geometry

1 Introduction

Sraph minor theory (GMT). the central theme of this work, is prominent across many fields. In quantum
computing, GMT is employed to extend the scope of problems that can be represented on current quantum
annealing hardware [5, 19]. Mapping a dense problem (logical) graph Y to a sparse (target) graph X can be
achieved by constructing connected subgraphs of the target graph X from the high degree logical vertices y.
The resulting mapping is called a minor-embedding of ¥ inside X

Numerous heuristics for finding minor-embeddings have been proposed [1, 4, 29]. While these approaches
are generally fast, they do not provide guarantees on the quality of the produced minor-embeddings nor can
they prove the nonexistence of a minor-embedding for infeasible problems. An approach that attempts to
address these shortcomings was recently introduced in Dridi et al. [9]. This approach uses tools from algebraic
geometry and produces an equational formulation (as opposed to a purely combinatorial approach) to the
minor-embedding problem.

In this paper, starting from this equational formulation, we propose integer programming (IP) techniques
for tackling the embedding problem. Our proposed approaches differ from the computationally demanding
Groebner bases computation used previously and are aimed at more efficiently computing embeddings while
retaining the interesting properties that arise from the equational formulation of the problem. Our first
approach, detailed in Section 3, directly translates the previous equational formulation to TP, while our
second approach decomposes the problem into an assignment master problem and fiber condition checking
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1 Introduction

Novel computing technologies allow one to search for
solutions of NP-hard (graph) problems that are very hard
10 solve classically [13]. One such device is the quantum

In Eq. 1, the coefficients a; € R. i € (1,...,n}, are lincar
weights and a;; € R for i < j are quadratic weights.
The problem in Eq. 1 is called a QUBO problem if x; €
{0.1) and an Ising problem if x; € {~1.+1) for all i.
The function in Eq. 1 is often called a QUBO or Ising
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Quantum Annealing (QA) holds great potential for solving combinatorial optimization problems efficiently.
However, the effectiveness of QA algorithms heavily relies on the embedding of problem instances, represented
as logical graphs, into the quantum unit processing (QPU) whose topology is in form of a limited connectivity
graph, known as the minor embedding Problem. Existing methods for the minor embedding problem suffer
from scalability issues when confronted with larger problem sizes. In this paper, we propose a novel approach
utilizing Reinforcement Learning (RL) techniques to address the minor embedding problem, named CHARME.
CHARME includes three key components: a Graph Neural Network (GNN) architecture for policy modeling, a
state transition algorithm ensuring solution validity, and an order exploration strategy for effective training,
Through comprehensive experiments on synthetic and real-world instances, we demonstrate that the efficiency
of our proposed order exploration strategy as well as our proposed RL framework, CHARME. In details,
CHARME yields superior solutions compared to fast embedding methods such as Minorminer and ATOM.
Moreover, our method surpasses the OCT-based approach, known for its slower runtime but high-quality
solutions, in several cases. In addition, our proposed exploration enhances the efficiency of the training of the
CHARME framework by providing better solutions compared to the greedy strategy.
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in Eq. 1 by mapping it to a physical quantum system, from
which a solution is read off after hardware-implemented
annealing is completed. In such a mapping, linear weights
are mapped onto qubits and quadratic weights are mapped
onto links between qubits called couplers. Moreover, if a;
and a; are mapped onto qubits ¢; and ;. then a;; is mapped
onto the coupler connecting g; and q;.

However, directly computing a minimum of a given
function of the type given in Eg. 1 on a quantum annealer
is often not possible due to a variety of reasons: first,
there is a limitation on the input problem size that can
fit on the quantum hardware due to the finite number of
available qubits (up to roughly 2000 qubits for the newest
D-Wave 2000Q™ computer). Second, even if the number
of qubits exceeds the number of variables, the current (D-
Wave) technology provides only limited qubit connectivity
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1 INTRODUCTION

Commercial adiabatic quantum annealers such as D-Wave 2000Q,
which s available at LANL, have the potential to solve important
NP-hard optimization problems efficiently. However, one of the
primary constraints of such devices
connectivity of their qubits, which limits the size of the problems

is the limited number and

directly solvable on the machine to about 65 variables. This re-

search presents two exact decomposition methods (for the Max-
imum Clique and the Minimum Vertex Cover problem, two im-
portant and well known NP-hard problems) that allow solving
problems of arbitrarily large sizes by splitting them up recursively
into a series of suitably small subproblems. Those subproblems are
then solved exactly or approximately using any method of choice,
which includes a quantum annealer. Whereas some previous ap-
proaches are based on heuristics that do not guarantee optimality
of their solutions, our decomposition algorithms have the property
that the optimal solution of the input problem can be reconstructed
in polynomial time given all generated subproblems are solved
optimally. We present a study of various heuristic and exact bounds
as well as reduction methods that help increase the scalability of
our decomposition algorithms

2 MAXIMUM CLIQUE PROBLEM

Given a graph G, the maximum clique (MC) problem asks to find
a subset S of the vertices of G of maximum size such that there
is an edge in G joining any two vertices of 5. To solve the MC
problem in case G is too large to fit in the annealer hardware, we
use the CH-partitioning introduced in [s], [4]. in order to split G
into two smaller subgraphs Gy and G on which a MC should be
found. We send to D-Wave any of the subgraphs G and G, that
is small enough to fit the annealer hardware and record the found
solution. In case any of Gy or Gy is still too large to be solved directly
on the annealer hardware, we apply the decomposition algorithm
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Figure 1: MC decomposition

recursively. Finally, we use the solutions for Gy and G to construct
a solution for G.

s shown in Figure 1, in order to compute suitable Gi and Gy, we
choose an arbitrary vertex of G and define G as the subgraph of G
induced by all neighbors of v (but without v itself), and define Gy as
the graph resulting when v and all edges incident to v are removed
from G. Intuitively, G; contains all cliques of G that contain v,
and G, contains all cliques of G that do not contain v. Hence, a
‘maximun clique of G will be either in G or Ga.

Since each of the subgraphs G; and G, contains at least one
less vertex than G, the decomposition algorithm is guaranteed to
complete in finite time, but the number of subgraphs generated
‘might be exponential in the worst case. To reduce the number
of subgraphs, we use upper and lower bounds on the solution
contained in any generated subgraph (with the aim of discarding
them) as well as reduction techniques. For instance, if for a currently
considered subgraph Gi we compute an upper bound b; for G;.
‘meaning that the size of the MC for G; is not greater than bj, and
the largest clique found so far has size larger than b, then G;
can be ignored. This technique, widely used in branch-and-bound
algorithms in combinatorial optimization, can lead to a dramatic
decrease in the number of subgraphs that are generated.

We use and compare the effectiveness of several upper bound
techniques: (i) We use a greedy search heuristic to find an upper
bound on the chromatic number of the graph, which is the mini-
‘mum number of colors needed to color each vertex of G such that
1o edge connects two vertices of the same color. Since each vertex
in a clique must have a distinct color, the chromatic number is an
upper bound on the clique number [7]. Although computing the
chromatic number is NP-hard, there are much better heuristics for
its approximation compared with the ones for the clique number.
‘Therefore, a greedy scarch heuristic for the chromatic number pro-
vides an easily computable bound. To compute a graph coloring we.
use the heuristic function greedy_color of the NetworkX package
6], which is applied to the complement G of G. (i) The Lovasz
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Abstract. A major limitation of current generations of quantum annealers is the
manufactured qubits in the hardware graph. This technological limitation has generated cons
interest, motivating efforts to design efficient and adroit minor-cmbedding procedures that bypass
sparsity constraints. In this paper, starting from a previous equational formulation by Dri
(arXiv:1810.01440), we propose integer programming (IP) techniques for solving the minor-embedding
The first approach involves a direct translation from the previous equational formulation to
the second decomposes the problem into an assignment master problem and fiber condition
checking subproblems. The proposed methods are able to defect instance infeasibility and provide bounds
on solution quality, capabilities not offered by currently employed heuristic methods. We demonstrate
the efficacy of our methods with an extensive computational assessment involving three different families
of random graphs of varying sizes and densities. The direct translation as a monolithic IP model can
be solved with existing commercial solvers yielding valid mi ings, how : ned
overall by the decomposition approach. Our results demonstrate the promise of our methods for the
studied benchmarks, highlighting the advantay & IP technology for minor-embedding proble
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1 Introduction

Graph minor theory (GMT), the central theme of this work, is prominent across many fields. In quantum
computing, GMT is employed to extend the scope of problems that can be represented on current quantum
annealing hardware [5, 19]. Mapping a dense problem (logical) graph Y to a sparse (target) graph X can be
achieved by constructing connected subgraphs of the target graph X from the high degree logical vertices y.
The resulting mapping is called a minor-embedding of ¥ inside X.

Numerous heuristics for finding minor-embeddings have been proposed [L, 4, 20]. While these approaches
ally fast, they do not provide guarantees on the quality of the produced minor-embeddings nor can
they prove the nonexistence of a minor-embedding for infeasible problems. An approach that attempts to
address these shortcomings was recently introduced in Dridi et al. [9]. This approach uses tools from algebraic
geometry and produces an equational formulation (as opposed to a purely combinatorial approach) to the
minor-embedding problem.

In this paper, starting from this equational formulation, we propose integer programming (IP) techniqu
for tackling the embedding problem. Our proposed approaches differ from the computationally demanding
Groebner bases computation used previously and are aimed at more efficiently computing embeddings while
retaining the interesting properties that arise from the equational formulation of the problem. Our first
approach, detailed in Section 3, directly translates the previous equational formulation to TP, while our
second approach decomposes the problem into an assignment master problem and fiber condition checking
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Abstract

NP-hard problems such as the maximum clique or minimum vertex cover problems, two of Karp’s 21 NP-hard problems,

have several appli in chemistry,

y and computer network security. Adiabatic quantum

annealers can search for the optimum value of such NP-hard optimization problems, given the problem can be embedded

on their hardware. However, thi

s is often not possible due to certain limitations of the hardware connectivity structure of

the annealer. This paper studies a general framework for a decomposition algorithm for NP-hard graph problems aiming
to identify an optimal set of vertices. Our generic algorithm allows us to recursively divide an instance until the generated
subproblems can be embedded on the quantum annealer hardware and subsequently solved. The framework is applied to the
maximum clique and minimum vertex cover problems, and we propose several pruning and reduction techniques to speed
up the recursive decomposition. The performance of both algorithms is assessed in a detailed simulation study.

Keywords Decomposition algorithm - D-Wave - Maximum clique - Minimum vertex cover - NP-hard - Optimization

1 Introduction

Novel computing technologies allow one to search for
solutions of NP-hard (graph) problems that are very hard
10 solve classically [13]. One such device is the quantum
annealer of D-Wave Systems, Inc. [20], which can propose
approximate solutions of quadratic unconstrained binary
optimization (QUBO) and Ising problems given by the
minimum of a function of the form

X —iam + D aijxix; )

i<i

H(xi, ..
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In Eq. 1, the coefficients a; € R. i € (1,...,n}, are lincar
weights and a;; € R for i < j are quadratic weights.
The problem in Eq. 1 is called a QUBO problem if x; €
{0.1) and an Ising problem if x; € {~1.+1) for all i.
The function in Eq. 1 is often called a QUBO or Ising
function, respectively. The formulation in Eq. 1 is general
enough to allow all NP-hard problems to be formulated as
minimizations of such a function [7]. Both QUBO and Ising
formulations are equivalent [7, 17, 23, 32]. The D-Wave
quantum annealer aims to find a minimum of the function
in Eq. 1 by mapping it to a physical quantum system, from
which a solution is read off after hardware-implemented
annealing is completed. In such a mapping, linear weights
are mapped onto qubits and quadratic weights are mapped
onto links between qubits called couplers. Moreover, if a;
and a; are mapped onto qubits ¢; and ;. then a;; is mapped
onto the coupler connecting g; and q;.

However, directly computing a minimum of a given
function of the type given in Eg. 1 on a quantum annealer

is often not possible due to a variety of reasons: first,
there is a limitation on the input problem size that can
fit on the quantum hardware due to the finite number of
available qubits (up to roughly 2000 qubits for the newest
D-Wave 2000Q™ computer). Second, even if the number
of qubits exceeds the number of variables, the current (D-
Wave) technology provides only limited qubit connectivity
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Quantum Annealing (QA) holds great potential for solving combinatorial optimization problems efficiently.
However, the effectiveness of QA algorithms heavily relies on the embedding of problem instances, represented
as logical graphs, into the quantum unit processing (QPU) whose topology is in form of a limited connectivity
graph, known as the minor embedding Problem. Existing methods for the minor embedding problem suffer
from scalability issues when confronted with larger problem sizes. In this paper, we propose a novel approach
utilizing Reinforcement Learning (RL) techniques to address the minor embedding problem, named CHARME.
CHARME includes three key components: a Graph Neural Network (GNN) architecture for policy modeling, a
state transition algorithm ensuring solution validity, and an order exploration strategy for effective training.
Through comprehensive experiments on synthetic and real-world instances, we demonstrate that the efficiency
of our proposed order exploration strategy as well as our proposed RL framework, CHARME. In details,
CHARME yields superior solutions compared to fast embedding methods such as Minorminer and ATOM.
Moreover, our method surpasses the OCT-based approach, known for its slower runtime but high-quality
solutions, in several cases. In addition, our proposed exploration enhances the efficiency of the training of the
CHARME framework by providing better solutions compared to the greedy strategy.
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1 INTRODUCTION

Commercial adiabatic quantum annealers such as D-Wave 2000Q,
which s available at LANL, have the potential to solve important
NP-hard optimization problems efficiently. However, one of the
primary constraints of such devices is the limited number and
connectivity of their qubits, which limits the size of the problems
directly solvable on the machine to about 65 variables. This re-
search presents two exact decomposition methods (for the Max-
imum Clique and the Minimum Vertex Cover problem, two im-
portant and well known NP-hard problems) that allow solving
problems of arbitrarily large sizes by splitting them up recursively
into a series of suitably small subproblems. Those subproblems are
then solved exactly or approximately using any method of choice,
which includes a quantum annealer. Whereas some previous ap-
proaches are based on heuristics that do not guarantee optimality
of their solutions, our decomposition algorithms have the proper
that the optimal solution of the input problem can be reconstructed
in polynomial time given all generated subproblems are solved
optimally. We present a study of various heuristic and exact bounds
as well as reduction methods that help increase the scalability of
our decomposition algorithms

2 MAXIMUM CLIQUE PROBLEM

Given a graph G, the maximum clique (MC) problem asks to find
a subset S of the vertices of G of maximum size such that there
is an edge in G joining any two vertices of 5. To solve the MC
problem in case G is too large to fit in the annealer hardware, we
use the CH-partitioning introduced in [s], [4]. in order to split G
into two smaller subgraphs Gy and G on which a MC should be
found. We send to D-Wave any of the subgraphs G and G, that
is small enough to fit the annealer hardware and record the found
solution. In case any of Gy or Gy is still too large to be solved directly
on the annealer hardware, we apply the decomposition algorithm
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Figure 1: MC decomposition

recursively. Finally, we use the solutions for Gy and G to construct
a solution for G.

s shown in Figure 1, in order to compute suitable Gi and Gy, we
choose an arbitrary vertex of G and define G as the subgraph of G
induced by all neighbors of v (but without v itself), and define Gy as
the graph resulting when v and all edges incident to v are removed
from G. Intuitively, G; contains all cliques of G that contain v,
and G, contains all cliques of G that do not contain v. Hence, a
‘maximun clique of G will be either in G or Ga.

Since each of the subgraphs G; and G, contains at least one
less vertex than G, the decomposition algorithm is guaranteed to
complete in finite time, but the number of subgraphs generated
might be exponential in the worst case. To reduce the number
of subgraphs, we use upper and lower bounds on the solution
contained in any generated subgraph (with the aim of discarding
them) as well as reduction techniques. For instance, if for a currently
considered subgraph Gi we compute an upper bound b; for G
‘meaning that the size of the MC for G; is not greater than bj, and
the largest clique found so far has size larger than b, then G;
can be ignored. This technique, widely used in branch-and-bound
algorithms in combinatorial optimization, can lead to a dramatic
decrease in the number of subgraphs that are generated.

We use and compare the effectiveness of several upper bound
techniques: (i) We use a greedy search heuristic to find an upper
bound on the chromatic number of the graph, which is the mini-
‘mum number of colors needed to color each vertex of G such that
1o edge connects two vertices of the same color. Since each vertex
in a clique must have a distinct color, the chromatic number is an
upper bound on the clique number [7]. Although computing the
chromatic number is NP-hard, there are much better heuristics for
its approximation compared with the ones for the clique number.
‘Therefore, a greedy scarch heuristic for the chromatic number pro-
vides an easily computable bound. To compute a graph coloring we.
use the heuristic function greedy_color of the NetworkX package
6], which is applied to the complement G of G. (i) The Lovasz
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Abstract. A major limitation of current generations of quantum annealers is the sparse connectivity of
manufactured qubits in the hardware graph. This technological limitation has generated considerable
interest, motivating efforts to design efficient and adroit minor-cmbedding procedures that bypass
sparsity constraints. In this paper, starting from a previous equational formulation by Dridi et al.
(arXiv:1810.01440), we propose integer programming (IP) techniques for solving the minor-embedding
problem. The first approach involves a direct translation from the previous equational formulation to
IP, while the second decomposes the problem into an assignment master problem and fiber condition
checking subproblems. The proposed methods are able to defect instance infeasibility and provide bounds
on solution quality, capabilities not offered by currently employed heuristic methods. We demonstrate
the efficacy of our methods with an extensive computational assessment involving three different families
of random graphs of varying sizes and densities. The direct translation as a monolithic IP model can
be solved with existing commercial solvers yielding valid mi ings, howe: : ned
overall by the decomposition approach. Our results demonstrate the promise of our methods for the
studied benchmarks, highlighting the advantages of using IP technology for minor-embedding problems.
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1 Introduction

Graph minor theory (GMT), the central theme of this work, is prominent across many fields. In quantum
computing, GMT is employed to extend the scope of problems that can be represented on current quantum
annealing hardware [5, 19]. Mapping a dense problem (logical) graph Y to a sparse (target) graph X can be
achieved by constructing connected subgraphs of the target graph X from the high degree logical vertices y.
The resulting mapping is called a minor-embedding of ¥ inside

Numerous heuristics for finding minor-embeddings have been proposed [L, 4, 20]. While these approaches
are generally fast, they do not provide guarantees on the quality of the produced minor-embeddings nor can
they prove the nonexistence of a minor-embedding for infeasible problems. An approach that attempts to
address these shortcomings was recently introduced in Dridi et al. [9]. This approach uses tools from algebraic
geometry and produces an equational formulation (as opposed to a purely combinatorial approach) to the
minor-embedding problem.

In this paper, starting from this equational formulation, we propose integer programming (IP) techniques
for tackling the embedding problem. Our proposed approaches differ from the computationally demanding
Groebner bases computation used previously and are aimed at more efficiently computing embeddings while
retaining the interesting properties that arise from the equational formulation of the problem. Our first
approach, detailed in Section 3, directly translates the previous equational formulation to TP, while our
second approach decomposes the problem into an assignment master problem and fiber condition checking
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Quantum annealing provides a promising route for the development of quantum optimization devices, but the
usefulness of such devices will be limited in part by the range of implementable problems as dictated by hardware
constrains.

y . alarger setof interactions
an be approximated using minor embedding techniques whereby several physical qubits are used to represent
a single logical qubit. However, minor embedding introduces new types of errors due to its approximate nature,
‘We introduce and study quant ling correction schemes designed to improve the quantum

annealers in conjunction with minor embedding, thus leading to a hybrid scheme defined over an encoded graph,

2 this scheme can e iq the density
of errors d exceed the p :shold of the encoded graph. We test the hybrid scheme using a
D-Wave Two processor on problems for which the encoded graph is a two-level grid and the Ising model is known
to be NP-hard. The problems we consider are frustrated Ising model problem instances with “planted” (a priori
known) solutions. Applied in conjunction with optimized energy penalties and decoding techniques, we find that
this approach enables the quantum annealer to solve minor embedded instances with significantly higher success
probability than it would without error correction. Our work demonstrates that quantum annealing correction can

and should be used to improve the robustness of quantum annealing not only for natively embeddable problems
but also when minor embedding is used to extend the connetivity of physical devices.

DOL: 10.1103/PhysRevA.92.042310 PACS number(s): 03.67.Ac, 03.65.Yz
1. INTRODUCTION speedup, a theoretical possibility [31] despite skepticism
based. e.g., on the appearance of exponentially small gaps [32].

Quantum computers are in principle able to solve com-
putational problems that are intractable for their classi-
cal [1.2. Y quantum
annealers—a special type of adiabatic quantum computer [3]
specifically engineered to implement quantum annealin
[4-9] to solve hard optimization problems [10]—are already

While compelling evidence of a quantum speedup is still
lacking with current physical annealers, it is also generally
recognized that technological improvements (in particular
reduced control errors and shorter annealing times) in the next
generation of quantum annealers are necessary in order o
5 © unambiguously address the issue [33-37]. A careful choice
commercially available [11-13], and their availability 0 the  of the benchmark problems is another important considera-
scientific community has recently stimulated a productive (ion [38,39], in particular in light of the fragility of spin glasses
debate [14-24]. The question at stake is whether current 1o small perturbations (temperature chaos) [40.41]

experimental quantum anncaling can really be considered a Ultimately, the usefulness of quantum annealers relies on
form of quantum computation, even when the decoherence  (he promise of achieving quantum information processing on
time of the component qubits is much smaller than the overall 3 large scale. This goal can only be met through the use
computational time. While theory suggests that the answer o of some form of quantum error correction (QEC), which
this question can be positive [25,26], as it concerns quantum  is necessary to protect the performance of any quantum
annealing experiments the answer is still open, in particular  computation against decoherence [42—44]. The scalability of
due to the “black-box™ nature of quantum annealing, which  quantum computing via QEC has been established in the gate
‘makes it difficult to unambiguously determine the nature of the  model in the form of the celebrated threshold theorem (e.g.
physical processes taking place between the initialization and  Refs. [45,46]). Adiabatic quantum computation and quantum
readout steps. However, convincing evidence is mounting that  annealing also require some form of error correction in order
quantum effects, including entanglement [27] and multiqubit  to preserve their advantages over classical computation. This
coherent tunneling [28], play a functional role in explaining  is true even though adiabatic dynamics is intrinsically robust

the behavior of available annealers. Moreover, open system
quantum dynamical models [28.29] have been successful
in reproducing experimental data from quantum annealing
experiments [16,2122,28,30]. A closely related question is
whether quantum annealers are able to provide quantum

1o some forms of decoherence [47—49]. Several error sup-
pression techniques suitable for adiabatic quantum computing
(AQC) have been proposed [50-54]. However, despite valiant
theoretical attempts [55] much less is known about how to
achieve fault tolerant AQC, and some negative results have

1050-2947/2015/92(4)/042310(30) 042310-1 ©2015 American Physical Society
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Abstract

NP-hard problems such as the maximum clique or minimum vertex cover problems, two of Karp’s 21 NP-hard problems,

have several appli in chemistry,

y and computer network security. Adiabatic quantum

annealers can search for the optimum value of such NP-hard optimization problems, given the problem can be embedded

on their hardware. However, this

often not possible due to certain limitations of the hardware connectivity structure of

the annealer. This paper studies a general framework for a decomposition algorithm for NP-hard graph problems aiming
to identify an optimal set of vertices. Our generic algorithm allows us to recursively divide an instance until the generated
subproblems can be embedded on the quantum annealer hardware and subsequently solved. The framework is applied to the
maximum clique and minimum vertex cover problems, and we propose several pruning and reduction techniques to speed

up the recursive decomposition. The performance of both algorithms is assessed in a detailed simulation study.
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1 Introduction

Novel computing technologies allow one to search for
solutions of NP-hard (graph) problems that are very hard
10 solve classically [13]. One such device is the quantum
annealer of D-Wave Systems, Inc. [20], which can propose
approximate solutions of quadratic unconstrained binary
optimization (QUBO) and Ising problems given by the
minimum of a function of the form

ia,,\, + Y &)

i<i

H(xy,
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In Eq. 1, the coefficients a; € R. i € (1,...,n}, are lincar
weights and a;; € R for i < j are quadratic weights.
The problem in Eq. 1 is called a QUBO problem if x; €
{0.1) and an Ising problem if x; € {~1.+1) for all i.
The function in Eq. 1 is often called a QUBO or Ising
function, respectively. The formulation in Eq. 1 is general
enough to allow all NP-hard problems to be formulated as
minimizations of such a function [7]. Both QUBO and Ising
formulations are equivalent [7, 17, 23, 32]. The D-Wave
quantum annealer aims to find a minimum of the function
in Eq. 1 by mapping it to a physical quantum system, from
which a solution is read off after hardware-implemented

annealing is completed. In such a mapping, linear weights
are mapped onto qubits and quadratic weights are mapped
onto links between qubits called couplers. Moreover, if a;
and a; are mapped onto qubits ¢; and ;. then a;; is mapped
onto the coupler connecting g; and q;.

However, directly computing a minimum of a given
function of the type given in Eg. 1 on a quantum annealer
is often not possible due to a variety of reasons: first,
there is a limitation on the input problem size that can
fit on the quantum hardware due to the finite number of
available qubits (up to roughly 2000 qubits for the newest
D-Wave 2000Q™ computer). Second, even if the number
of qubits exceeds the number of variables, the current (D-
Wave) technology provides only limited qubit connectivity
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Quantum Annealing (QA) holds great potential for solving combinatorial optimization problems efficiently.
However, the effectiveness of QA algorithms heavily relies on the embedding of problem instances, represented
as logical graphs, into the quantum unit processing (QPU) whose topology is in form of a limited connectivity
graph, known as the minor embedding Problem. Existing methods for the minor embedding problem suffer
from scalability issues when confronted with larger problem sizes. In this paper, we propose a novel approach
utilizing Reinforcement Learning (RL) techniques to address the minor embedding problem, named CHARME.
CHARME includes three key components: a Graph Neural Network (GNN) architecture for policy modeling, a
state transition algorithm ensuring solution validity, and an order exploration strategy for effective training.
Through comprehensive experiments on synthetic and real-world instances, we demonstrate that the efficiency
of our proposed order exploration strategy as well as our proposed RL framework, CHARME. In details,
CHARME yields superior solutions compared to fast embedding methods such as Minorminer and ATOM.
Moreover, our method surpasses the OCT-based approach, known for its slower runtime but high-quality
solutions, in several cases. In addition, our proposed exploration enhances the efficiency of the training of the
CHARME framework by providing better solutions compared to the greedy strategy.
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ABSTRACT

We present a general post-quantum error-correcting technique for quantum annealing, called multi-qubit correction (MQC),
that views the evolution in an open-system as a Gibs sampler and reduces a set of (first) excited states o a new synthetic
state with lower energy value. After sampling from the ground state of a given (Ising) Hamiltonian, MQC compares pairs of
excited states to recognize virtual tunnels—i.e.. a group of qubits that changing their states simultaneously can result in a
new state with lower energy—and successively converges to the ground state. Experimental results using D-Wave 2000Q
quantum annealers demonstrate that MQC finds samples with notably lower energy values and also improves the reproducibility
of results, compared to recent hardware/software advances in the realm of quantum annealing such as reverse quantum
annealing, increased inter-sample delay, and classical pre/post-processing methods.

1 Introduction

Quantum annealing is a meta-heuristic for addressing discrete (or combinatorial) optimization problems that are intractable in
the realm of classical computing. While simulated annealing (a.k.a. thermal or classical annealing) uses adjustable thermal
fluctuations to jump over the energy mountains, quantum annealing applies adjustable quantum fluctuations for tunneling
through the (narrow-enough) energy barriers'S. Quantum annealers are a special case of the adiabatic quantum computers (i.c..
stoquastic open-system) that provide a hardware implementation for finding the ground state (or minimum energy configuration)
of (Ising) Hamiltonians™. To solve a problem using the quantum annealers, therefore, we must define a Hamiltonian whose
ground state represents the (optimum) solution of the original problem of interest®!".

We can form an Ising Hamiltonian whose ground state represents the optimum solution of any given problem of inter-
est—which can be nontrivial in many real-world ications' 1. In practice, executing the
quantum machine instruction (QMI) on a physical quantum annealer does not guarantee to achieve the global optimum’S 7.
As an example, besides thermal noise and diabatic transitions”, various control error sources—including, but not limited to,
s'%1% confined annealing schedule®, coefficients’ range and precision limitations*”>!, noise

__Jower the quality of results (i.c., the energy value of the drawn samples is higher than the energy value
27

of the ground state)
Modifying some aspects of the Hamiltonian—namely adapting (and better selecting) initial and final Hamiltonians;
optimizing the schedule/path function; adding a catalyst Hamiltonian (i.¢., a Hamiltonian that is present only in intermediate

time); and adding non-stoquastic term to the certain drawbacks of the adiabatic quantum
computers. Nevertheless, the majority of these techniques are mainly for closed-systems or current generations of the physical
quantum annealers cannot (fully) accommodate them. Acknowledging that adiabatic quantum computing has some inherent
resistance to noise and decoherence, we need error correction (and mitigation) mechanisms for ensuring the scalability of
adiabatic quantum computers (like other quantum information processing models)**~*!. In spite of several error correction
proposals for adiabatic quantum computing and quantum annealing'® 38 an accuracy-threshold theorem for adiabatic
quantum computing (unlike its gate model counterpart™) remains elusive*3!. Besides, most error correction schemes (e.g.
nested quantum annealing correction method*! %) utilize multiple physical qubits for coding every qubit that notably reduces
the capacity of current quantum anncalers. We view quantum anncalers as a Gibs sampler—that allows diabatic transitions in
an open and present a novel post-quantum error technique for quantum annealers.

2 Method

‘This paper presents postprocessing methods for mitigating errors in quantum annealers, so-called post-quantum error correction,
that notably improves the performance of quantum annealers in terms of reproducibility of results and finding solutions with
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Quantum annealing provides a promising route for the development of quantum optimization devices, but the
usefulness of such devices will be limited in part by the range of implementable problems as dictated by hardware

(o)}
(Conference’17). ACM, New York, NY, USA, 2 pages. hitps:/doi org/10.1145/ v N N SRA (RIACS), Mountain View CA 94043, USA constints. To e const sedby y . alarger set of interactions
. ) davide.venturellitnasa. gov an be approximated using minor embedding techniques whereby several physical qubits are used to represent
[RE—— E
. [ a single logical qubit. However, minor embedding introduces new types of errors due to its approximate nature.
1 INTRODUCTION d a We introduce and study quant ling correction schemes designed to improve the quantum
ommercial adiabatic quantum annealers such as D-Wav o annealers in conjunction with minor embedding. thus leading to 2 hybrid scheme defined over an encoded graph.
Commercial adiabatic quantum annealers such as D-Wave 2000Q, " . < Abstract. A major limitation of current generations of quantum annealers is the sparse connectivity of this scheme ca decoded o he density
which {s available at LANL, have the potential to solve important Figure 1: MC decomposition N manufactured qubits in the hardware graph. This technological limitation has generated considerable s seheme can codc AP the density
p-] veve » - N ° “ o ° N A cons| o of s do exceed the pe threshold of the encoded graph. We test the hybrid scheme using a
NP-hard optimization problems efficiently. However, one of the —_ interest, motivating efforts to design efficient and adroit minor-embedding procedures that bypass X N _ fon threshold of graph. Weest (e by ! e
primary constraints of such devices is the limited number and . ; D-Wave Two processor on problems for which the encoded graphis a two-level grid and the Ising model is known
' . . Fina 5, and Gy to c c = sparsity constraints. In this paper, starting from a previous equational formulation by Dridi et al. ’ » s . “olanted”
connectivity of their qubits, which limits the size of the problems recursively. Finally, we use the solutions for Gi and Gy to construct S, y o paper, < Hiona’ ot e 10 be NP-hard. The problems we consider are frustrated Ising model problem instances with “planted” (a priori
(arXiv:1810.01440), we propose integer programming (IP) techniques for solving the minor-embedding : N
dircctly solvable on the machine to about 65 variables. This re-  a solution for ] o T ’ ) : ; . known) solutions. Applied in conjunction with optimized enrgy penalties and decoding techniques, we find that
search presents two exact decomposition methods (for the Max- As shown in Figure 1, in order to compute suitable Gy and Gz, we b= problem. ‘The first approach involves a direct translation from the previous equational formulation to this approach enables the quantum annealer to solve minor embedded instances with significantly higher success
eard él d the At \f; c bl choose an arbitrary vertex of G and define G, as the subgraph of G = IP, while the second decomposes the problem into an assignment master problem and fiber condition is approa qua annea istances gnificantly higher success
imum lq:e anu ‘:\e, n:x;u:n dene:l over 1:“1;“‘1 mf im- choose an arbiea »h et DM“";( Whonw‘:mu_) e dﬁﬁ npC wro < checking subproblems. The proposed methods are able to detect instance infeasibility and provide bounds probability than it would without error correction. Our work demonstrates that quantum annealing correction can
pnr\tzlu:n and well known NP-hard prt :ms)t;‘ it allow so ving o h,m“kmg ot v e, and define G os =3 on solution quality, capabilities not offered by currently employed heuristic methods. We demonstrate and should be used to improve the robustness of quantum annealing not only for natively embeddable problems
B o b e e e et O <ot ol e of O ot conte =) the eficacy of our methods with an extensive computational assessment. involving three different familes butalso when minor embedding is used t extend the connectiity of physical devices.
into a serics of suitably small subproblems. Those subproblems are  from G. Intuitively, Gy contains all cliques of G ntain o, o ' °
. of random graphs of varying sizes and densitics. The direct translation as a monolithic IP model can
then solved exactly or approximately using any method of choice, and G; contains all cliques of G that do not contain v. Hence, a o t . ,p e cers yi ; i ings, howt DOL: 10.1103/PhysRevA.92.042310 PACS number(s): 03.67.Ac, 03.65.Yz
e Wi s oeious e, maximmum elique of G wil be either i G or G, N be solved with existing commercial solvers yielding valid however, is out
b " ;l heuniatios that do not s ‘P - tl“ Since each of the subgraphs Gy and Gy contains at least one > overall by the decomposition approach. Our results demonstrate the promise of our methods for the
proaches are based on heuristics that do not guarantee optimality ince cach of the subgraphs Gy and G, contain: n ke °  the decor Our results d ra ; o the ) ) . . . B
of their solutions, our decomposition algorithms have the proper less vertex than G, the decomposition algorithm is guaranteed to = studied benchmarks, highlighting the advantages of using IP technology for minor-embedding problers. 1. INTRODUCTION ;peegun a theoretical possibility [31] x:ewne uskcpm;s;n
that the optimal solution of the input problem can be reconstructed  complete in finite time, but the number of subgraphs generated = Quantum computers are in principle able 1o solve com-  vorey -C»E»v"“l‘l‘“"‘I“PC’?I‘“"cc "'r“l"’““:'“ 'YS‘"“d aps| \“;i
ve might be exponential in the worst case. To reduce the number . . s tha i o le compelling evidence of a quantum speedup is sti
in paynomial ime given all generaed subproblens are slved - igRL b B e o e e e ot x Keywords: Graph minors - Quantum annealers - Integer programming - Decomposition - Algebraic geometry putational_problems that are intractable for their classi- i "Wk current physical annealers, it is also generally
optimally. We present a study of various heuristic and exact bounds . S cal [1.2. Y quantum P : in o
: a e recognized that technological improvements (in_ particular
as well s reduction methods that help increase the scalability of  contained in any generated subgraph (with the aim of discarding ~ anncalers—a special type of adiabatic quantum compUIET (3] joqesed contral errors and shorter anealine tmes) i th
our decomposition algorithms. them) as well as reduction techniques. For instance, if for a currently — . " " h reduced control errors and shorter annealing times) in the next
considered subgraph G; we compute an upper bound b; for Gy 2N 1 Introduction specifically enginecred to implement quantum amnealing  generation of quantum annealers are necessary in order to
2 MAXIMUM CLIQUE PROBLEM ‘meaning that the size of the MC for G; is not greater than by, and — [4-9] to solve hard optimization problems [10]—are already  ypambiguously address the issue [33-37]. A careful choice
Given a graph G, the masimun clique (MC) problem asks to find _the largest elique found so far has size larger than by, then Gy = Graph minor theory (GMT), the central theme of this work, is prominent across many fields. In quantum commercially available [11-13], and their availabilit t0 the  of the benchmark problems is another important considera-
et S o the Vot G o e oine such that there  can be ignored. This technique, widely used in branch-and-bound 2z computing, GMT is employed to extend the scope of problems that can be represented on current quantum scientific community has recently stimulated a productive  gion [38,39],in particular n light of the fragility of spin glasses
{5 an edge in G joining any two vertices of 5. To solve the MC  algorithms in combinatorial optimization, can lead to a dramatic P annealing hardware [5, 19]. Mapping a dense problem (logical) graph Y to a sparse (target) graph X can be debate [14-24]. The question at stake is whether current 1o small perturbations (temperature chaos) [40,41]
problem in case G is too large to fit in the annealer hardware, we ~ decrease in the number of subgraphs that are generated. = achieved by constructing connected subgraphs of the target graph X from the high degree logical vertices y. experimental quantum annealing can really be considered a Ultimately, the usefulness of quantum annealers relies on
use the CH-patitioning introduced in [5], [4], in order to split G We use and compare the effectiveness of several upper bound < The resulting mapping is called a minor-embedding of ¥ inside X form of quantum computation, even when the decoherence  the promise of achieving quantum information processing on
into two smaller subgraphs Gy and Gy on which a MC should be ~~ techniques: (i) We use a greedy search heuristic to find an upper Numerous heuristics for finding minor-embeddings have been proposed [1, 4, 29]. While these approaches time of the component qubits is much smaller than the overall g large scale. This goal can only be met through the use
found. We send to D-Wave any of the subgraphs Gy and G that ~ >ound on the chromatic number of the graph, which is the mini- are generally fast, they do not provide guarantees on the quality of the produced minor-embeddings nor can computational time. While theory suggests that the answer to of some form of quantum error correction (QEC), which
is small enough to fit the annealer hardware and record the found ’““‘T“'_“‘"‘ ofcolors necded to color cach e of G such that they prove the nonexistence of a minor-embedding for infeasible problems. An approach that attempts to this question can be positive [25,26], as it concerns quantum s necessary to protect the performance of any quantum
solution. In case any of G or G is still too large to be solved directly :‘:C;;::"n':;‘l:f ::"S':‘;‘cft:ﬂ::mi‘; o“'mm'l":::;”m::'; address these shortcomings was recently introduced in Dridi et al. [9]. This approach uses tools from algebraic annealing experiments the answer is still open, in particular  computation against decoherence [42-44]. The scalability of
on the annealer hardware, we apply the decomposition algorithm uper b an the clique mmber (7], Althongh computing the geometry and produces an equational formulation (as opposed to a purely combinatorial approach) to the due to the “black-box™ nature of quantum annealing, which  quantum computing via QEC has been established in the gate
pp q gh computing L | makes it difficult to unambiguously determine the nature of the  model in the form of the celebrated threshold theorem (e.g.
y y chromatic number is NP-hard, there are much better heuristics for minor-embedding problem. hysical processes taking place between the initialization and  Refs. [45.46]). A c N
contracton o e of the UniedStaescovenment s sl the Unte Sates iy pproximation compared with the ones for the clique number. In this paper, starting from this equational formulation, we propose integer programming (IP) techniques physical processes taking place between the initialization an efs. [45,46]). Adiabatic quantum computation and quantum
i o o llow thre 1040 v o govement. prposs ol Therefore, a greedy search heuristc for the chromatic mumber pro- for tackling the embedding problem. Our proposed approaches differ from the computationally demanding readoutsteps. However, convineing evidence i mounting that - annealing als require some form of etfo cortction n order
Confac 1y 207 s, O US4 vides an easily computable bound. To compute a graph coloring we Groebner bases computation used previously and are aimed at more efficiently computing embeddings while quantum effects, including entanglement [27] and multiqubit —to preserve fher udvantazes over classical computafton. This
e o Machinery use the heuristic function greedy_color of the NetworkX package retaining the interesting properties that arise from the equational formulation of the problem. Our first coherent tunneling [28], play a functional role in explaining s true even though adiabatic dynamics is intrinsically robust

b th
hitps://doi.org/10.1145/mnnnnnn.nnnnnnn (6], which is applied to the complement G of G. (ii) The Lovasz approach, detailed in Section 3, directly translates the previous equational formulation to IP, while our

second approach decomposes the problem into an assignment master problem and fiber condition checking

the behavior of available annealers. Moreover, open system 1o some forms of decoherence [47-49]. Several error sup-
quantum dynamical models [28.29] have been successful  pression techniques suitable for adiabatic quantum computing
in reproducing experimental data from quantum annealing  (AQC) have been proposed [50-54]. However, despite valiant
experiments [16,21,22,28,30]. A closely related question is  theoretical attempts [55] much less is known about how to
whether quantum annealers are able to provide quantum  achieve fault tolerant AQC, and some negative results have
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Abstract Florida, USA
NP-hard problems such as the maximum clique or minimum vertex cover problems, two of Karp’s 21 NP-hard problems, MY T. THAI, Department of Computer and Information Science and Engineering, University of Florida, USA We present a general post-quantum error-correcting technique for quantum annealing, called multi-qubit correction (MQC),
have several appli in chemistry, bi istry and computer network security. Adiabatic quantum

that views the evolution in an open-system as a Gibs sampler and reduces a set of (first) excited states o a new synthetic
state with lower energy value. After sampling from the ground state of a given (Ising) Hamiltonian, MQC compares pairs of
excited states to recognize virtual tunnels—i.e., a group of qubits that changing their states simultaneously can result in a
new state with lower energy—and successively converges to the ground state. Experimental results using D-Wave 2000Q
quantum annealers demonstrate that MQC finds samples with notably lower energy values and also improves the reproducibility
of results, compared to recent hardware/software advances in the realm of quantum annealing such as reverse quantum
annealing, increased inter-sample delay, and classical pre/post-processing methods.

annealers can search for the optimum value of such NP-hard optimization problems, given the problem can be embedded
on their hardware. However, this is often not possible due to certain limitations of the hardware connectivity structure of
the annealer. This paper studies a general framework for a decomposition algorithm for NP-hard graph problems aiming
to identify an optimal set of vertices. Our generic algorithm allows us to recursively divide an instance until the generated
subproblems can be embedded on the quantum annealer hardware and subsequently solved. The framework is applied to the
maximum clique and minimum vertex cover problems, and we propose several pruning and reduction techniques to speed
up the recursive decomposition. The performance of both algorithms is assessed in a detailed simulation study.

Quantum Annealing (QA) holds great potential for solving combinatorial optimization problems efficiently.
However, the effectiveness of QA algorithms heavily relies on the embedding of problem instances, represented
as logical graphs, into the quantum unit processing (QPU) whose topology is in form of a limited connectivity
graph, known as the minor embedding Problem. Existing methods for the minor embedding problem suffer
from scalability issues when confronted with larger problem sizes. In this paper, we propose a novel approach
utilizing Reinforcement Learning (RL) techniques to address the minor embedding problem, named CHARME.
CHARME includes three key components: a Graph Neural Network (GNN) architecture for policy modeling, a
state transition algorithm ensuring solution validity, and an order exploration strategy for effective training.
Through comprehensive experiments on synthetic and real-world instances, we demonstrate that the efficiency
of our proposed order exploration strategy as well as our proposed RL framework, CHARME. In details,
CHARME yields superior solutions compared to fast embedding methods such as Minorminer and ATOM.
Moreover, our method surpasses the OCT-based approach, known for its slower runtime but high-quality
solutions, in several cases. In addition, our proposed exploration enhances the efficiency of the training of the
CHARME framework by providing better solutions compared to the greedy strategy.

1 Introduction
Keywords Decomposition algorithm - D-Wave - Maximum clique - Minimum vertex cover - NP-hard - Optimization

Quantum annealing is a meta-heuristic for addressing discrete (or combinatorial) optimization problems that are intractable in
the realm of classical computing. While simulated annealing (a.k.a. thermal or classical annealing) uses adjustable thermal
fluctuations to jump over the energy mountains, quantum annealing applies adjustable quantum fluctuations for tunneling
through the (narrow-enough) energy barriers'S. Quantum annealers are a special case of the adiabatic quantum computers (i.c..
stoquastic open-system) that provide a hardware implementation for finding the ground state (or minimum energy configuration)
of (Ising) Hamiltonians™. To solve a problem using the quantum annealers, therefore, we must define a Hamiltonian whose
ground state represents the (optimum) solution of the original problem of interest®!".

We can form an Ising Hamiltonian whose ground state represents the optimum solution of any given problem of inter-
est—which can be nontrivial in many real-world ications' 1. In practice, executing the i
quantum machine instruction (QMI) on a physical quantum annealer does not guarantee to achieve the global optimum’S 7.

1 Introduction In Eq. 1, the coefficients a; € &, i € {l,...,n}, are linear

weights and a;; € R for i < j are quadratic weights.
Novel computing technologies allow one to search for  The problem in Eq. 1 is called a QUBO problem if x; €
solutions of NP-hard (graph) problems that are very hard {0, 1} and an Ising problem if x; & {—1,+1} for all i.
1o solve classically [13]. One such device is the quantum  The function in Eq. 1 is often called a QUBO or Ising
annealer of D-Wave Systems, Inc. [20], which can propose  function, respectively. The formulation in Eq. 1 is general
approximate solutions of quadratic unconstrained binary  enough to allow all NP-hard problems to be formulated as
optimization (QUBO) and Ising problems given by the  minimizations of such a function [7]. Both QUBO and Ising
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Modifying some aspects of the Hamiltonian—namely adapting (and better selecting) initial and final Hamiltonians;
optimizing the schedule/path function; adding a catalyst Hamiltonian (i.¢., a Hamiltonian that is present only in intermediate
time); and adding non-stoquastic term to the i ci certain drawbacks of the adiabatic quantum
computers”. Nevertheless, the majority of these techniques are mainly for closed-systems or current generations of the physical
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Abstract

ibuted database s

The optimization of queries in di;
tems is known to be subject to delicate trade-offs. For
example, the Mariposa database system allows users to
specify a desired delay-cost tradeoff (that is, to supply a
decreasing function u(d), specifying how much the user
is willing to payin order to receiv ethe query results
within time d); Mariposa divides a query graph into
horizontal “strides,” analyzes each stride, and uses a
greedy heuristic to find the “best” plan for all strides.
We show that Mariposa’s greedy heuristic can be ar-
bitrarily far from the desired optimum. Applying a re-
cen t approad in multiobjective optimization algorithms
to this problem, we sho w that the optimun cost-delay
trade-off (Pareto) curv ein Mariposa’s framework can
be approximated fast within any desired accuracy. We
also present a polynomial algorithm for the general mul-
tiobjective query optimization problem, which approx-
imates arbirarily well the optimum cost-delay tradeoff
(without the restriction of Mariposa’s heuristic stride
subdivision).

1 Introduction

In Computer Science we have always been interested in
trade-offs betw een v arious resources for the solution of
computational problems; ho w ever, it w as onleny re-
cently that trade-offs have begun to be considered as
computational problems in their own right —probably
the result of the advent of the Internet and the en-
suing increasingly complex socio-economic context of
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Consider the query optimization problem, for exam-
ple, arguably the most important and complex problem
in databases. T rade-offs beween parallelism and com-
munication in query optimization have been studied in
[CHM, HM], and elsewhere. The Mariposa wide-area
ystem [SAP+] was architected to make such
trade-offs explicit in an advantageous way. Mariposa as-
sumes that a subquery can be executed in many diverse
database sites, and each site submits a “bid” for the
query, specifying a delay for deliv eringthe result, and
an associated cost. The query optimizer then compares
these bids to a user-supplied cost-delay trade-off (a non-
increasing function u(d), specifying for each value d of
the dela ythe amount of money the user is willing to
pay in order to receive the query’s results within time d),
and attempts to determine the combination of subquery
executions that maximizes the savings from this user-
submitted curve. Mariposa’s algorithm for this involves
subdividing a query graph (obtained from a single-site
optimizer) into horizontal “strides” that con taininde-
pendent subqueries, compiling a cost-delay trade-off for
each stride from the bids for these subqueries, and then
combining the stride trade-offs by a greedy heuristic.

database

Expecting a user to submit a desired trade-off curve
seems to us a little unrealistic. A much better user inter-
face would be, instead, presenting to the user the costs
and delays of several query plans, for his/her choice.
Obviously, w eonly need to present query plans that
are undominated, in that each has the property that no
other plan is better in terms of both cost and delay.
The set of all undominated solutions is called in the
field of multiobjective (or multicriterion) optimization
a Pareto curve —it captures the informal concept of a
trade-off. Obviously, presenting to the user such a et
of solutions to choose from is far superior to requiring
a user-supplied trade-off and returning a solution that
is in some rather arbitrary sense “most advantageous”
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ABSTRACT

Query optimization is one of the most challenging problems in
database systems. Despite the progress made over the past decades,
query optimizers remain extremely complex components that re-

quire a great deal of hand-tuning for specific workloads and datasets.

Motivated by this shortcoming and inspired by recent advances in
applying machine learning to data management challenges, we in-
troduce Neo (Neural Optimizer), a novel learning-based query op-
timizer that relies on deep neural networks to generate query exe-
cutions plans. Neo bootstraps its query optimization model from
existing optimizers and continues to learn from incoming queries,
building upon its successes and learning from its failures. Further-
more, Neo naturally adapts to underlying data patterns and is robust
to estimation errors. Experimental results demonstrate that Neo,
even when bootstrapped from a simple optimizer like PostgreSQL,
can learn a model that offers similar performance to state-of-the-art
commercial optimizers, and in some cases even surpass them.
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1. INTRODUCTION

In the face of a deluge of machine learning success stories, every
database researcher has likely wondered if it is possible to learn
a query optimizer. Query optimizers are key to achieving good
performance in database systems, and can speed up query execution
by orders of magnitude. However, building a good optimizer today
takes thousands of person-engineering-hours, and is an art only a
few experts fully master. Even worse, query optimizers need to
be tediously maintained, especially as the system’s execution and
storage engines evolve. As a result, none of the freely available
open-source query optimizers come close to the performance of
commercial optimizers offered by IBM, Oracle, or Microsoft.

Due to the heuristic-based nature of query optimization, there
have been many attempts to apply learning to query optimizers.

This work is licensed under the Creative Commons Attribution-
NonCi NoDerivatives 4.0 ional License. To view a copy
of this license, visit rg/licens c-nd/4.0/. For
any use beyond those covered by this license, obtain permission by emailing
info@vldb.org. Copyright is held by the owner/author(s). Publication rights
licensed to the VLDB Endowment.

Proceedings of the VLDB Endowment, Vol. 12, No. 11

ISSN 2150-8097.
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For example, almost two decades ago, Leo, DB2’s LEarning Opti-
mizer, was proposed [53]. Leo learns from its mistakes by adjusting
its cardinality estimations over time. However, Leo still requires a
human-engi ed cost model, a hand-picked search strategy, and
alot of developer-tuned heuristics. Importantly, Leo only improves
its cardinality estimation model, and cannot further optimize its
search strategy based on data (e.g., to account for uncertainty in
cardinality estimates for join order selection).

More recently, the database community has started to explore
how neural networks can be used to improve query optimizers [36,
60]. The majority of this work has focused on replacing a compo-
nent of the optimizer with learned models. For example, DQ [25]
and ReJOIN [35] use reinforcement learning combined with tradi-
tional human-engineered cost models to automatically learn search
strategies and explore the space of possible join orderings. These
papers show that learned search strategies can outperform conven-
tional heuristics on a given cost model. Moreover, in addition to
the cost model, these systems still rely on heuristics for cardinality
estimation, physical operator selection, and index selection.

Other approaches demonstrate how machine learning can be used
to achieve better cardinality estimates [22, 28,43, 44]. However,
none demonstrate that their improved cardinality estimations actu-
ally lead to better query plans. Tt is relatively easy to improve the
average error of cardinality estimates, but much harder to improve
estimations for the cases that actually improve query plans [27].
Furthermore, unlike join order selection, selecting join operators
(e.g., hash join, merge join) and choosing indexes cannot be en-
tirely reduced to cardinality estimation. SkinnerDB [56], showed
that adaptive query processing strategies can benefit from reinforce-
ment learning, but it requires a specialized (adaptive) query execu-
tion engine and cannot benefit from operator pipelining.

In this paper, we present Neo (Neural Optimizer), a learned query
optimizer that achieves similar or improved performance compared
to state-of-the-art commercial optimizers (Oracle and Microsoft)
on their own query execution engines. Given a set of query rewrite
rules to ensure semantic correctness, Neo learns to make decisions
about join order, operator, and index selection. Neo optimizes these
decisions using reinforcement learning, tailoring itself to the user’s
database instance and basing its decision on actual query latency.

Neo’s design blurs the boundaries between the main compo-
nents of a traditional query optimizer: cardinality estimation, the
cost model, and the plan search algorithm. Neo does not explic-
itly estimate cardinalities or rely on hand-crafted cost models. Neo
combines these two functions in a value network, a neural network
that takes a partial query plan and predicts the best expected run-
time that could result from completing this partial plan. Guided by
the value network, Neo performs a simple search over the query
plan space to make decisions. As Neo discovers better query plans,
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is in some rather arbitrary sense “most advantageous”

'A t the recert FOCS conference, there was a session devoted
almost exclusively to m ulti-objectiv e optimization, the hernet,
and the relationship betw een the t w[F OCS].
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ABSTRACT

Query optimization is one of the most challenging problems in
database systems. Despite the progress made over the past decades,
query optimizers remain extremely complex components that re-

quire a great deal of hand-tuning for specific workloads and datasets.

Motivated by this shortcoming and inspired by recent advances in
applying machine learning to data management challenges, we in-
troduce Neo (Neural Optimizer), a novel learning-based query op-
timizer that relies on deep neural networks to generate query exe-
cutions plans. Neo bootstraps its query optimization model from
existing optimizers and continues to learn from incoming queries,
building upon its successes and learning from its failures. Further-
more, Neo naturally adapts to underlying data patterns and is robust
to estimation errors. Experimental results demonstrate that Neo,
even when bootstrapped from a simple optimizer like PostgreSQL,
can learn a model that offers similar performance to state-of-the-art
commercial optimizers, and in some cases even surpass them.
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1. INTRODUCTION

In the face of a deluge of machine learning success stories, every
database researcher has likely wondered if it is possible to learn
a query optimizer. Query optimizers are key to achieving good
performance in database systems, and can speed up query execution
by orders of magnitude. However, building a good optimizer today
takes thousands of person-engineering-hours, and is an art only a
few experts fully master. Even worse, query optimizers need to
be tediously maintained, especially as the system’s execution and
storage engines evolve. As a result, none of the freely available
open-source query optimizers come close to the performance of
commercial optimizers offered by IBM, Oracle, or Microsoft.

Due to the heuristic-based nature of query optimization, there
have been many attempts to apply learning to query optimizers.
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For example, almost two decades ago, Leo, DB2’s LEarning Opti-
mizer, was proposed [53]. Leo learns from its mistakes by adjusting
its cardinality estimations over time. However, Leo still requires a
human-engi ed cost model, a hand-picked search strategy, and
alot of developer-tuned heuristics. Importantly, Leo only improves
its cardinality estimation model, and cannot further optimize its
search strategy based on data (e.g., to account for uncertainty in
cardinality estimates for join order selection).

More recently, the database community has started to explore
how neural networks can be used to improve query optimizers [36,
60]. The majority of this work has focused on replacing a compo-
nent of the optimizer with learned models. For example, DQ [25]
and ReJOIN [35] use reinforcement learning combined with tradi-
tional human-engineered cost models to automatically learn search
strategies and explore the space of possible join orderings. These
papers show that learned search strategies can outperform conven-
tional heuristics on a given cost model. Moreover, in addition to
the cost model, these systems still rely on heuristics for cardinality
estimation, physical operator selection, and index selection.

Other approaches demonstrate how machine learning can be used
to achieve better cardinality estimates [22, 28,43, 44]. However,
none demonstrate that their improved cardinality estimations actu-
ally lead to better query plans. Tt is relatively easy to improve the
average error of cardinality estimates, but much harder to improve
estimations for the cases that actually improve query plans [27].
Furthermore, unlike join order selection, selecting join operators
(e.g., hash join, merge join) and choosing indexes cannot be en-
tirely reduced to cardinality estimation. SkinnerDB [56], showed
that adaptive query processing strategies can benefit from reinforce-
ment learning, but it requires a specialized (adaptive) query execu-
tion engine and cannot benefit from operator pipelining.

In this paper, we present Neo (Neural Optimizer), a learned query
optimizer that achieves similar or improved performance compared
to state-of-the-art commercial optimizers (Oracle and Microsoft)
on their own query execution engines. Given a set of query rewrite
rules to ensure semantic correctness, Neo learns to make decisions
about join order, operator, and index selection. Neo optimizes these
decisions using reinforcement learning, tailoring itself to the user’s
database instance and basing its decision on actual query latency.

Neo’s design blurs the boundaries between the main compo-
nents of a traditional query optimizer: cardinality estimation, the
cost model, and the plan search algorithm. Neo does not explic-
itly estimate cardinalities or rely on hand-crafted cost models. Neo
combines these two functions in a value network, a neural network
that takes a partial query plan and predicts the best expected run-
time that could result from completing this partial plan. Guided by
the value network, Neo performs a simple search over the query
plan space to make decisions. As Neo discovers better query plans,

1705

Learned
Optimization




Summary

 Use query optimization ideas for multi-step quantum computation
* Approximate multi-objective optimization

* | earned cost and quality models






